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Abstract : The value and stability of the exact steady state solution of the 
average electron energy balance equation are investigated for three different 
kinds of homogenuous plasmas heated by a microwave field. These are, a weaxly 
ionized plasma, a strongly ionized plasma and a hydrogen plasma in which tne 
collision cross section is approximated by an analytical expression which ffets 
experimental data. The effect of the field frequency and field amplitude on 
the value and stability of the steady state average electron energy as well as its 
limiting values are investigated for the three cases considered.
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I . Introduction
A  plasm a is a m edium  subject to  d ifferen t k inds o f ins tab ilities . Term inology and  
nom enclature o f plasm a in s tab ilities  are numerous and confusing. In th is  paper, 
w e  investigate  the s tab ility  and th e  value o f the steady state average electron  
energy o f 3  d ifferen t k inds o f hom ogenuous plasmas heated by a m icrow ave fie ld . 
These are, a w eak ly  ionized plasm a, a strongly ionized plasm a and an atom ic  
hydrogen plasm a in w h ich  the co llis ion  cross section o f electrons is approxim ated  
by an analy tica l expression w h ic h  fits  experim ental d ata . W e  assumed th a t all 
electron generation and loss processes are neglected and th a t e lectron collis ions  
are e lastic . The fraction  o f electron energy lost per co llis ion  is considered to  be 
constant. For the  pow er absorbed by an average electron from  th e  f ie ld , w e  used  
an average value. These assum ptions w ere  considered by several investigators to  
study d ifferen t phenomena e ither exactly  or num erically . G inzburg  (1 9 6 4 ) s tu d ied  
th e  s teady-state  characteristics o f the  in teraction o f  a hom ogenuous plasm a and a 
strong un ifo rm  electric  f ie ld . N um erical so lutions o f the non linear m odel o f 
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th is  in teraction  fo r th e  b u ild -u p  of th e  electron energy and electron  density  w h en  
a step sinusoidal h igh p ow er RF fie ld  is applied to  a w ea k ly  ionized m edium  
w a s  investigated  (G o u ld  and  Roberts 1 9 5 6 , E l-Kham y et ol 1 9 7 0  and E l-K ham y  
1 9 7 4 ). The  same assum ptions w ere  used in th e  s tu d y  o f th e  problem  o f th ird  
harm onic generation o f e lectrom agnetic w aves  in w e a k ly  and strong ly  ionized  
hom ogeneous coH isional p lasm as (S odha et al 1 9 7 5 ) and also, in th e  study o f 
th e  num ber o f th e  steady s ta te  va lu e  o f th e  average electron  energy o f a 
hom ogeneous strongly io n ized  p lasm a, heated by a m icro w ave  fie ld  (N eg m  
and El-Khoga 1 9 8 8 ). In  th is  paper w e  have investigated  th e  effect o f the  
f ie ld  frequency and fie ld  am p litu d e  on the va lue  and s ta b ility  o f th e  steady  
s ta te  average electron  energy o f th e  3  d iffe ren t kinds o f hom ogenuous plasmas  
already  m en tion ed . The e ffec t o f th e  fie ld  am p litu d e  is found to  be the same on  
the 3  kinds o f plasm a s tu d ied . H ow ever, th e  fie ld  frequency has proved to  have 
a d iffe ren t e ffe c t on th e  d iffe ren t k inds o f plasma s tu d ied . M e a n w h ile , w e  have 
found th a t th e  3  kinds o f p lasm a behaved in th e  same w a y  w hen  the fie ld  frequency  
is increased w ith o u t lim it.
In  S ection  2 , w e  have presented th e  general basic equations. In  Sections 3 , 
4  and 5  w e  have presented th e  equatio n s  as w e ll as the results o f th e  investigation  
of th e  firs t, second and th ird  k ind  o f plasm a respectively. D iscussion and  
conclusion o f th e  results o f S ections 3 , 4  and 5  are given in Section 6 .
2. Basic equations
W e assum ed th a t a step sinusoidal m ic ro w ave  fie ld  £ ( t ) = E o  sin wt has been 
applied  to  an ion ized  m ed ium  a t th e  instant t = 0 .  The m agn itude o f th e  am p litu d e  
of th e  fie ld  E„ is large enough to  cause appreciable heating o f th e  electrons but 
is not so large to  m ake changes in th e  electron density  of th e  m ed ium . A ll 
processes o f e lectron  loss are also neglected. U nder these sim ple assum ptions, 
the response o f the electrons to  th is  fie ld  is governed by th e  equations o f m otion  
and tem perature (G in zb u rg  1 9 6 4 , S odha et ol 1975  and Gurevich 1 9 7 8 ).
d v ^ ^ E
dt m
■ -I'c v (1)
| ^ = - e £ v - S . . , 3 ( T . - T J (2)
w h ere  To is the tem perature o f th e  heavy p artic le  and assum ed c o n s ta n t; T« is  
th e  average tem perature  o f th e  electrons at tim e  t ; a t t = 0 ,  T« is assum ed to  be 
equal to  ; e, m, v and I'o are the electron charge, mass, ve loc ity  and co llis ion  
frequency respectively, S is th e  fraction  o f electron energy lost in a co llis ion  w ith  
th e  heavy partic le . For an e las tic  co llis ion , S is constant and is equal to  ^  w here
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Figure 2. Variation of the steady state average nomalized electron temperature 
(K, of a weakly ionized plasma with the nomalized field frequency c at different 
values of normalized field amplitude 'j.
( 10)
( 11)
Substituting from eqs. (3 ^and (10 ) in eq, (2 ) one obtains
do
Tt 3 2 ( 1 + c “e=)
where
r -r /(1  I C“) =
The exact solution of eq. (1 1 ) has been found by El-Khoga and Negm (1988) and the 
variation of e w ith  t has been calculated for different values of c and ij. Also, the 
number N of the steady state values of 0 as w e ll as the corresponding steady  
state values of 6 have been investigated by (Negm  and El-Khoga 1988) and 
(Negm  and El-Khoga 1989) respectively.
As in the case of a w eakly  ionized plasma, the zeros o f the characteristic 
equation that determine the s tab ility  criterion are obtained from eq. (8 ) but here f(e) 
is the right hand side of eq. (1 1 ). X is found to  have the value
J,_[3(r^+c*)e|,_-4c<,-_i]
'o ’’ ''‘ (1 +  c®e“ )a fl f “
I t  is easily seen that the sign of X is the same as that o f the numerator of this 
equation,
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W h e n  N = ^  (N eg m  and E l-K hoga 1 9 8 8 ) w e  fo u n d  th a t A is — v e a n d e , .  is 
s tab le . F ig u re  3  sh o w s th e  v a ria tio n  o f e«« w ith  rj a t d iffe re n t va lu es  o f c. In
Figure 3. Same as Figure 1 but for a strongly ionized plasma.
contrary w ith  th e  behaviour o f  a w e a k ly  io n ized  p la s m a , decreases w ith  increase  
o f c. From  F igure  4  w e  s e e '.th a t th is  decrease occurs fo r lo w  va lues  o f c.
Figure 4. Same as Figure 2 but for a strongly ionized plasma.
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From  F igure 4 , w e  can notice also th a t there is a v a lu e  Crri o f c, above w h ic h  th e  
increase o f c has no e ffec t on 9«a, w e  can also n otice  th a t th e  va lu e  o f c„,i increases  
w ith  th e  increase o f 17. N egm  and E l-K hoga (1 9 8 8 )  found th a t w h en  c and  
are both  < 1, N  m ay be eq ua l to  3  and w e  found th a t not a ll th e  th ree  va lues  o f 
e»„ are s tab le . W e  found  th a t if  9, and are three steady s ta te  values o f 9 such  
th a t <  0a < then both and 8  ^ are s tab le  but is unstab le . F igure  5  show s
Figure 5. Variation of the two stable steady state average normalized electron 
temperature 0 , and o.^  and the unstable state average normalized electron 
temperature 0, with v when C--0.01.
th e  varia tio n  o f th e  tw o  s tab le  s tead y s ta te  average norm alized  electron tem perature  
0 ] and Og and th e  unsteable  one O2 w ith  n w h en  c = 0 .0 1 .  The results presented  
in Figures 6  and 7  are th e  sam e as those o f F igure  5  b u t fo r c = 0 .1  and  0 -2
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respectively. From  these F igures, both  and 0„ increase w ith  th e  increase o f tj 
and w ith  th e  decrease o f c, w h ile  has a d ifferen t behaviour, it  decreases w ith  
the increase o f r} and th e  decrease o f c.
5. Values and stab ility  of th e  steady s ta te  average electron item perature 
of a hydrogen plasm a-collision cross section is approxim ated from  
experim ental resu lts
H ow ever, w h en  th e  plasm a is neither w ea k ly  nor s trong ly  io n ized , th e  theoretical 
ca lcu la tio n  o f is very com p licated .
U su a lly , fo r th is  case Uo is es tim ated  from  experim ental m easurem ents o f  
the va lue  o f th e  co llis ion  cross section a„. The experim ental results o f Brackm an  
and F ite  (1 9 5 8 )  for th e  dependence o f og on  th e  electron  energy in an a tom ic  
hydrogen plasm a can be approxim ated  by a sim ple re la tio n  in w h ic h  a is inversely  
proportional to  e lectron  energy (E l-K h o ga  1 9 7 5 ). The corresponding dependence o f 
Vo on T« w a s  fo u nd  (E l-K h o ga  1 9 7 5 ) to  be
■i
(1 4 )
For th is  case, w e  have to  use th e  eqs. (1 4 ) ,  (3 ) and (2 )  to  g et th e  energy balance  
equation . T h is  has th e  form
{c » o ’‘ '°  +  ( 1 - r ” - c » ) 6 ^ - 0~^] 
d r (1  +  c | )
(15)
For th is  case N  =  1 and 0 , .  has th e  va lu e
i(r» + c » -1 )+ [(r*  + c«-1)»+4c»]^l (16)
Figure 8  show s th e  va ria tio n  o f 0 ) g w ith  r) a t d iffe ren t va lues  o f c. W e  have found  
th a t th e  differences betw een th e  tw o  curves o f c — 1 and c = 4  are too  sm all. Thus
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Figures. Same as Figure 1 but for a plasma in which the dep*endence of 
the collision cross section on electron energy fits experimental data.
the  v a ria tio n  o f th e  frequency has a sm aller effect on th e  heating process of th is  
plasm a so long as c is ^  1 . W h en  c is <  1 , 0 , ,  decreases w ith  the increase o f c. 
This  resu lt is presented in F ig u re  9 .
6. Discussion and conclusion
C om paring Figures 2 , 4  and 9  w e  m ay  conclude th a t th e  increase o f c above a 
c ritic a l v a lu e  has no effect on th e  va lu e  o f 0 , ,  for th e  three k in d s  o f p lasm a s tu d ied  
here. Th is  c ritica l va lue  o f c fo r any o f th e  th ree  kinds o f plasm a depends on  
th e  va lu e  o f A lso , It  is s im p ly  found from  eqs. (6 ), (1 3 )  and (1 6 )  th a t fo r the  
three k inds o f p lasm as s tu d ied
lim  0 ,  , =  1 +»j®
0>OD
(17)
Eq. (1 7 )  agrees w ith  G in zb u rg 's  eq u a tio n  for h igh  frequency h eatin g  o f a fu lly  
io n ized  m ed iu m . Thus, w e  prove th a t th is  equation  is  to  be satis fied  also fo r h igh
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Figure 9. Same as Figure 2 but for a plasma in which the dependence of the 
coliision cross section on electron energy fits experimental data.
frequency heating of a w e a k ly  ionized m ed ium  and a m edium  in w h ich  the  
dependence o f (t,  on the electron energy fits  experim ental d a ta . A lso  w e  can  
conclude th a t th e  s ta b ility  o f th e  heating process by a m icrow ave fie ld  is ensured  
for the firs t and th ird  k ind  o f p lasm a stu d ied  here. The s ta b ility  o f the heating  
process o f the strongly ionized plasm a is sa tis fied  w hen N = 1 .  The case in w h ich  
N ^  1 m ay occur only  w hen c <  1, thus the necessary and su ffic ien t cond ition  for 
N to  be equal to  1 w hen c ^  1 found by N egm  and El-Khoga (1 9 8 8 ) can also be 
considered as a necessary and su ffic ien t condition  for the s tab ility  o f Og. w hen  
c < 1. Th is  cond itio n  has th e  value
V < V e ,i= -------------------r - ^
(1 +  C »)*
(1 8 )
M oreover w hen  c ^ 1, the necessary b u t not suffic ient condition  for N  to  be equal to  
3  found by the sam e authors and g iven  by
r) > >2on (1 9 )
can be considered as a necessary but not su ffic ien t condition for the in s tab ility  of 
the steady s ta te  electron  tem perature o f a strongly ionized hom ogenuous plasma 
heated by a m icro w ave  fie ld .
F ina lly , it  is q u ite  im portant to  m ention th a t the above results are obtained  
w ith  the assum ptions m entioned in S ection  2 . The assum ption o f constant electron
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density  is ju s tifie d  in a strongly ionized p lasm a, in  th e  w e a k ly  and th ird  k ind  o f 
plasm a stu d ied , th e  varia tion  o f th e  electron density can be neglected so long as the  
electron tem perature or energy is be lo w  the threshold energy for ion ization  
I (E l-Khoga and Negm  1 9 8 7 ).
In  th e  cases in w h ich  the varia tio n  o f the electron density  m ust be considered, 
th e  response o f th e  electron to  th e  m icrow ave fie ld  w il l  be governed by three  
equations ; nam ely, eq uation  o f conservation o f mass in a d d itio n  to  equation o f 
m otion  (1 )  and equation  of energy or tem perature (3 ) . Th is  system  o f 3  equations  
can not be reduced to  a s ing le  non-linear autonom ous d iffe re n tia l equation  like  the  
th ree  ones s tu d ied  here in eqs. (5 ), (1 1 )  and (1 5 ) .
A lso , the assum ption th a t 8 th e  fractio n  o f e lectron  energy lost in a co llis ion  
w ith  th e  heavy p artic le  is constant, is ju s tifie d  so long as th e  co llis ion  is e lastic  
(G in zb urg  1 9 6 4 ). Fortunate ly , the ine lastic  co llis ions are expected to  occur w hen  
th e  electron energy exceeds a threshold  value (M o tt  and M assey 1 9 6 5 ) w hen  thjis 
assum ption is not ju s tifie d  and  th e  dependence o f 8 on m ust be considered. 
In  th is  case, the system  o f equations can be reduced to  a s ing le  n o n -lin e v  
autonom ous d iffe ren tia l eq uatio n  like  the one show n in eq . (5 ) , (1 1 )  and (1 5 ) ,  
b u t m ay be o f more com plicated  form . Hence, w e  m ay conclude th a t the results  
obta in ed  are v a lid , since th e  assum ptions considered are ju s tifie d .
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